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|. INTRODUCTION

Consider the Pascal triangle, written as an infinite lower triangular
matrix
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Its rows have the following elementary property {3]: for n > 2,

n
gcd{( >|k= 1,...,n—1}=p if n=p*,
k (1

=1 otherwise

(p a prime and a > 1, an integer).

The problem which we discuss in this paper is that of obtaining a for-
mula for the gcd of any number of consecutive terms in a given row of this
matrix, say

d(n;r, s) == ged {(Z)Ikﬂ,---,S}, (2)

where n=zrz0and s=r.

We shall solve this problem completely. At the same time, we shall deter-
mine certain other sets of binomial coefficients chosen in the rows,
columns, or diagonals of the Pascal matrix, whose ged is equal to d(n; r, s).

The main steps in the solution are as follows. We begin by proving a for-
mula for d(n; 1, s) in Chapter 2 (Theorem 1), and then consider the case
r = 2. As we shall see in Chapter 5 (Theorem 2), the formula for d(n; r, 5) is
relatively simple when s is sufficiently large with respect to r:

dmyr+1,s)=[]dn—101,5) ifs=2r
I=0

If r<s<2r, the right side of this identity must be multiplied by an
additional factor which is a product of certain primes from the interval
[2, r]; this factor is determined in Chapters 6 and 7 (Theorem 3).

Throughout this article, we denote the ged of integers a,,..,a, by
{a,,.., a,).

For a discussion of related problems, see [1 and 47]; the latter includes
an extensive bibliography.

2. THE CASE r=1

If d(n;r, s) is defined as in (2), and if s=# or r=0, then d(n;r,s)=1
since ()= (")=1. Accordingly we shall assume, whenever it is convenient,
that n>s>r>1.

We begin by proving

LEMMA 1. For nz=zs>=1 we have

(d(n; 1, 5), (";1»:1. (3)
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Proof. From the recurrence formula

()=o) (") 3

one easily deduces the identity

al n n—1
s (Do)

{

<n_ 1>+(_1)s+1;
s
(3) follows immediately.
We can now prove our basic formula, of which (1) is a particular case.

which implies that

d(n; 1, 5)

THEOREM 1. For n>s>1, we have

n
[161(n)’ 282("), 383"",..., ses(n)]’

d(n; 1, 5) = (5)

where
gimy=1  ifjim,
=0 otherwise,
and where the square brackets in the denominator denote the lem of the

integers they enclose. (The denominator on the right side of (5) is the lem of
the positive divisors of n that do not exceed s.)

Proof. For simplicity of notation we write ¢; in place of ¢,(n). The proof
is by induction on s. For s=1, (5) asserts that d(n; 1, 1)=n, which is
obviously true.

Now assume that (5) holds with s—1 instead of s, for some s with

2<s<n We write
n
d(n; 1,s)=<d(n; 1,s—1), (s)) (6)

and distinguish 2 cases, according to whether s divides # or not.
(a) If s|n, we use (6) and Lemma 1 to get

d(n; 1, s)= (d(n; 1,s— 1),%(?: 11)) =<d(n; I,s—1), g)
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Then (5} follows on using the induction hypothesis, since ¢,=1 and since

(n n)_ n
d’ dy)  [d,,d;]
if d, and d, divide n (n>1).
(b) Ifsfn, then
[1en2%2 (s 1) 1] =[1%,2%,., s%],

since ¢,=0; (6) and the induction hypothesis then yield

n n
d(n; 1,s>=<m’ (s))

From this, (5) follows on observing that (for any n, s with n=2s>1)

(n, )|[17, 2%,..., s] and n (n B ]) =y <n>’
s—1 $

whence

n n
and

(n, 5) (n, s)

R
(17,27, 5*]

This concludes the proof of Theorem 1.

Remark. Using the prime number theorem, one can deduce from
Theorem 1 that for any 6, 0<d <1, there exists an ny(d) such that
dm; 1, 5)>n' "% if n=ny(8) and 5 < (5/2) log n.

3. TRIANGLES

Let n>s>r>0, and consider the binomial coefficients (%) with
n<m<n—r+s and m—n+r</<s, arrayed as in the matrix of Chap-
ter 1. They form a triangle, say T(n; r, s), with vertices (7), (?) and ("~.*"),
right-angled at (7). We will speak of rows, columns, and diagonals of this
triangle as we would for the matrix itself, and number these lines starting
from (7). For example, the vth column of T(n; r, s) consists of the binomial
coefficients ("1%), k=0,...,v (0<v<s—r).

We shall show that d(»; r, s), the gcd of the coefficients in the first row of
T(n;r, s}, is equal to the ged of certain other sets of s — r + 1 binomial coef-
ficients taken from the same triangle.
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The simplest case is that in which s—r=1. Since (a,b)=(a,a+b)=
(b, a+ b) we have by (4),

(G2)- (-2 7)) ™
(2) (- C7)) ®

We generalize (7) and (8) by provirfg

and

PrOPOSITION 1. If n2s>r>0 and if r+v<j,<s for v=0,1,.,s—r,

then
aoe=((7) ) (P (N,
]0 .]1 Jv _]A,7,

(d(n; r,s) is equal to the ged of any set of s—r+1 binomial coefficients,
chosen one in each row of T(n;r, s).)

Proof. We argue by induction on s—r. For s—r=1, (9) follows from
(7) and (8). Now assume that (9) holds for all T(n’;r',s") with s’ —r' =
d—1 (some d>2), and consider a T(n; r, s) with s—r=d. By applying the
induction hypothesis to T(n+ 1;r+ 1, 5), we see that it suffices to prove
that

<<Z>,d(n+1;r+1,s)>=d(n;r,s) ifr<k<s.

Now for r <k <s we have

(<n>,d{n+l;r+ l,s)>=<<n>,d(n+l;r+l,s)>
k r

by repeated application of the case s—r=1. And by repeated application
of (7),

((':) d(n+1;r+1,s)>=d(n; rs), (10)

thus proving Proposition 1.
The same type of proof will establish the following generalizations of (7)
and of (8), respectively,
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PROPOSITION 2. [fnzs>r20and if 0<i,<v for v=0,1,.,5—r, then

i _((n n+1i, n+i, n+i,_,
ansrr=((). (T (T (TN

(d(n; ry 5} is equal to the ged of any set of s—r+ 1 binomial coefficients,
taken one in each column of T(n;r, 5).)

PROPOSITION 3. Ifnzs>rz0and if r+v<k,<s for v=0, 1,..,5—r,

then
) _((n—r+ko n—r+k,—v n
d(n;r, s)—<( ky ),...,( K, ),..., (s)) (12)

(d(n; r,s) is equal to the ged of any set of s—r+ 1 binomial coefficients,
chosen one in each diagonal of T(n;r, s).)

We call the first row, first diagonal, and last column of T(#n; r, s) its sides.
The following result contains Propositions 1,2, and 3 as particular cases;
they are used in its proof (which we omit).

ProposiTiON 4. Let C,, v=0,.., s—r, be binomial coefficients chosen in
T(n;r, s). If some side of this triangle contains exactly one of the C,; if on
removing this side the remaining triangle has the same property, and so on,
until a single binomial coefficient is left, itself one of the C,, then the gcd of
Coys Co_, is equal to d(n;r, 5).

We use Theorem 1 and Proposition 2 to establish

LEMMA 2. Let p be a prime and n and o positive integers; let nzp”.
Write n=kp® +r with pfk, 0<r<p®—1 and § >«. Then

(:) (13)

(r is the remainder and kp® ~* the quotient, when n is divided by p°.)

Proof. Tt follows from (5) that if p#||m and s =p* with f>a>1, then

PP\l d(m; 1, 5) (14)

and

prm e Pldim; 1, s 1). (15)
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Proposition 2 and (14) imply that

(d(m; 1Ls—1) ('":’)) p=0, 1 s—1:

from this and (15) we deduce that p#~*||(" "), which is (13) if m = kp”.

Lemma 2 could also be proved by appealing to a theorem of Glaisher’s
[2] according to which the number of times a prime p divides () is equal
to the number of borrows when the subtraction n —/ is done in base p.

e

4. D1VISORS OF d(n;r, s)

After Theorem 1 and Lemma 2, the next step towards our formula for
d(n;r, s) 1s

ProPOSITION 5. For n>1, and 0<1, <1, <s, we have
(dn—1;;1,8),dn—-1;1,5))=1.
Proof. Tt clearly suffices to show that
(d(n; 1,5),dn—1;1,5))=1 (16)

for all n>1 and all / with 1 <I/<s. We may assume that n>s.

By (10), d(n—1; 1, 5) divides d(n— I+ 1; 2, 5), hence by induction divides
dn—I1+k;k+1,5) for 1<k+1<s Taking k=I/—1, we see that
dn—151,5)|dn—1; 1, 5)|(";"), if 1 <I<s. Therefore, the left side of (16)
divides (d(n; 1, 5), (" ')); we conclude the proof by appealing to Lemma 1.

PROPOSITION 6. Ifn>s>r>1, then

r—1
[l din—1; 1, s)|d(n; 1, 5). (17)

=0

Proof. Because of Proposition 5, it suffices to show that d(n—/; 1, s)
divides d(n; r, s) for 0</<r— 1. In the proof of Proposition 5, we showed
that d(n—11,s) divides dn—I+k;k+1,s) for 1<k+1<s. Since
I+1<r<s, we may take k=1/ d(n—1I; 1, s)|d(n;I1+1,s) for 0<I<s—1.
Since obviously d(n; {4+ 1, s)|d(n;r, s) for 0<I/<r—1, the proof is com-
plete.

641/21/1-8
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5. THE CASE s 2 2r
In this chapter, we prove

THEOREM 2. Fornzsz2rz2,

dinr+1,8)=[] din—1k 1, 5) (18)

[=0

We introduce some notation. As before, p always denotes a prime. For
rational a#0, let N be the integer such that pV|a; then we write
ord,(a):=N and a,:=p". If a and b are rational (a#0 and b#0), we
write a~,b if a,=b,, and a<,b if a,<b,; when there is no ambiguity
concerning the choice of p we simply write a~ b, respectively a < b.

The following lemma is required several times in the sequel.

LEMMA 3. Let nzmz=r+ 121, and pin. Set n=pv, p=[r/p] and
u=1[m/p). Then

() dmr+1,m)~,plv—w@)(;) if up<r+1,
(i) dimr+1,m)~,dvip+1,pu)if upzr+1.

Proof. Since

(n) nn—1n-2 n-(a—1)

a)"a 12 a—-1

it is clear that for n=pv,

n N;ﬂv——l_v—2mv—a’ v a—1 . (19)
a) a 1 2 o p

Now if r+l<as<m and gp<r+1, then gp<a<(u+1)p, whence
a=pu and pfa, so that

n v—1 v-2 v—u v
~pv . . DRI . =p(v_u) 5
a 1 2 u U

as required in (i).
To prove (ii) we begin by showing that if k is an integer and r+ 1 <kp,
then

d(n;r+ 1, kp)~d(v; p + 1, k). (20)
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Indeed,

(d(n;r+1,kp)),= min (”) ,
r+i<a<kp \d p
and (19) shows that for fixed » and o, (1)), is smallest when a,, is largest.
And among all 4 such that ap<a<(a+1)p, a, is largest when
a=(o+ 1) p. Since o varies from p to k — 1 when a varies from r + 1 to kp,
we have from (19),

v v—1 vV—a
d(n; 1, kp)~ mi ‘ .
(n r+ p) p<a<u:—l<a+1 1 o ),,

v
= i ~d(v; 1, k).
psinslr131<a+1)p (vip+ )

Thus (20) is verified, and with it (ii) for m=pup. Finally, f r+ 1 <pup<m
we have

d(n; r+ 1, m)=(d(n; r + 1, up), d(n; up + 1, m))
so that by (20) and (i),

dins r+1, m)~(d(v; 1, ), P(v—u)<;)>~d(v; p+1, 1)

since p(v—pu)(;,)>>(;)>d(v; p+ 1, u). The lemma is now proved in both
cases.
After this preparation we pass to the

Proof of Theorem 2. Because of Proposition 6, it suffices to establish
that

r

dn;r+1,5) ]_[ (n~151,5) ifnzs>22r=2.

We do this by a double induction argument. First we show that if the
theorem holds for some s, it also holds for all larger s (r and r being fixed).
Then we show that Theorem 2 is true for s=2r, r>=1, if it is true for s =2,
r=1.

(a) Induction on s. Fix n and r, and suppose (18) is true for s =55 — 1
(some s, =r+2). By (5),

dn—5L1,s—)=pdin—11,s) ifs=p*and p?|n—1, 1
=dn-1I1,s) otherwise. )
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By the induction hypothesis,

r

din: r+1, 5,) ([[ n—lib—1L<n>>< (22)

- So

We distinguish the 2 cases envisaged in (21). If so=p“ and p“fn—/ for
0</I<r, orif 54 s not of the form p¢, (21) and (22) yield

dn;r+1,s,)= (]_[d lls0<>> l_[d —1; 1, 54),

for by (17} this product divides d(n; r + 1, s,), itself a divisor of ().

Otherwise, sq=p“ and p“|n—1 for some [, 0</<r (since 0</<r and
pé=sy>r+1, there can be at most one / for which p“|n— /). Then, from
(21} and (22),

d(n;r+1,P”)=<P H dn—11, p*), (;)) (23)

=0
=[] din—11, p*),
e

where the last equality can be justified as follows. In (23), the product
divides the binomial coefficient, as in the preceding case. Further, for the

prime p,
(ﬁ>~flmn—khpw
P /=0

Indeed, n—/=p’k (with plk, some b and I, b>a, 0<I<r<p’—1), so
that p®~“||(%) by (13); by (14), p* “ld(n =1 1, p*).
(b) Induction on r. We wish to show that

[] dn—1;1,2r) forr>1.

=0

d(n;r+1,2r)

This is true for r =1 since by (5),

n H—

1
d(n; 2, 2)=§n(n-— )= Jem YD

=d(n; 1,2}d(n—1;1,2).

Proposition 6 and part (a) of the present proof allow us to formulate the
induction hypothesis as follows: we assume that for some r> 2,

dmym+1,5)=[] dn—1L1,5) forl<m<r—1,ifnzs22m. (24)
1=0
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Under this assumption we prove that (24) also holds for m = r, by showing
that

prldn;r+1,2r)=p*

]:I dn—1;1,2r). (25)

For this we distinguish 3 cases: pfn—r, pln, and pl(n, r).
(b;) If pfn—r, then

(ot 1><(’+ ”(rz 1>=(,”_’)<’:)~<rrz>’

din;r+1,s)~d(n;r, s) ifpfn—r. (26)

whence

On setting s =2r in (26) and applying the induction hypothesis (24) with
m=r—1 and s=2m+2 to d(nr,2r), we see that p* divides
[T,z d(n—1; 1, 2r), and (25) must hold.

(b,) If pfn, we use the relation
dn;r+1,s)~dn—1;r,5) if pfn, (27)
which we establish by showing that (for all n, r, )
din—1;r,s)dn;r+ 1, s)|nd(n—1;r, 5). (28)

Indeed, the first part of (28) is implied by (10); for the second we combine
the identity k(}) = n(} ~1), which implies that d(n;r + 1,s)|nd(n — 1;r, s — 1),
and (4) which shows that ((7), n(?Z])) divides n(" ).

Then (25) follows from {27) with s =2r, and (24) with »— 1 in place of »
and m=r—1, s=2m+2.

(bs) If pl(n, r), Lemma 3(ii) can be applied to d(n; r + 1, 2r): since
m=2r we have uyp=m=2r=2r+1. By this lemma, d(n;r+1,2r)~
d(vip+1,2p) with pv=n and pp=r. And (24) applies to d(v; p + 1, 2p),
since p < ir <r—1. Therefore

P
d(n;l’+1, 2r)~ H d(v—’lv Iazp)s
A=0

so that p* divides one of the (pairwise relatively prime) factors
dv—4;1,2p), 0<A<p. But again by Lemma 3(ii), d(v—4;1,2p)~
d(n—4p; 1, 2r); since 0 < Ap < pp = r, we have shown that p* divides one of
the factors on the right side of (24).

This concludes the proof of Theorem 2.
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6. THE CASE s < 2r: RECURRENCE FORMULAS

We know that [17_, d(n—1/; 1, s) divides d(n; r + 1, 5), and that the two
are equal if s >2r. For r+1<s, we set s=2r— 6 (6 <r—1) and define an
integer E;(n, r) by

dn;r+1,2r—90)=Esn,r)

!

— L1, 2r—5); (29)

=0
for 6 <0, (29) holds with Ey(n, r)=1.

The prime divisors of Es(n, r} divide d(n; r + 1, s); in particular, it suffices
to consider the primes that divide (,.” ).

In this chapter we prove 5 propositions which, for a given p, reduce
the determination of ord,(E;(n,r)) to that of ord,(Es(n'r’)), with
n+r +6 <n+r+0. This yields 5 recurrence relations which we solve in
the next chapter to obtain a formula for E,(n, r).

We consider the following cases, which we analyze in Propositions 7
through 11 (in all cases, we assume 1<d<r—1):

Casel. pfn—r.
Case2. pln.
Case 3. p|(n, r), with the subcases

(a) pln,r,0)
(b) pln,r), pfoand r>p+9
(¢) pln,r),pfoand d<r<p+é.

ProposiTION 7 (Case 1). If pfn—r, then
Ey(n, r)~E, _o(n,r—1). (30)

Proof. We set s=2r — ¢ in (26) and expand the right side according to
(29):

dn;r+1,2r—06)~d(n;r, 2r—90)
=E;_»(n H din—1,1,2r—9).
Hence

dn;r+1,2r—8)~E;_,(n,r—1)[] d(n—1;1,2r-$),
I1=0
because d{n—r; 1, 2r—d8)~1 if pfn—r. On comparing with (29), we get
(30).
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ProrosiTION 8 (Case2). If pfn, we have
E&(n,r)"’Ea_z(n_l, r_l) (31)

Proof. We use (27) with s=2r—4, and proceed as in the proof of
Proposition 7.
For the remaining cases we appeal to Lemma 3.

ProrosITION 9 (Case 3(b)). If p{(n, r), pld, and r>p + 6, then
E&(n, r)~E51+11(n1’r1)7 (32)

where n=pn,, r=pr,, and 6, = [6/p].

Proof. Lemma 3(ii) applies to d(n;r+1,2r—9), since yp=r+1 in
Case 3(b). Indeed, up=r+ 1 is equivalent to u>r, + 1 since u and r, are
integers; similarly, r>d+p implies r, =6, +2. And pu=[(2r-96)/p]=
2r,—6,—1 since pfé. By Lemma 3 then, d(nmr+1,2r—46)~
dny;ry+1,2r,—6,—1) whence with (29), and a second application of
Lemma 3(ii),

ry
din;r+1,2r—8)~Es . ((ny,ry) [] dlny—4;1,2r,=6,—1)
A=0

~Es 1(ny,ry) ] dln—Ap; 1, 2r—9).

A=0
Hence, since d(n—1;1,2r—6)~1if pfn—1,
dn;r+1,2r=8)~Es , (ny,ry) [] din—1; 1, 2r=9),
I1=0

and (32) follows.

ProposITION 10 (Case 3(c)). If p|(n, r), pld, and 6 <r <p+ 6, then

plny—ry)

E ~——
oA, ) dny—ry; 1, ry)

E, y(ny,ri—1), (33)

where n=pn, and r =pr,.

Proof. Lemma 3(i) applies to d(n;r+ 1,2r—§), because up<r+1 in
Case 3(c): d <r<p+ 4 implies 0<r, —d/p< 1, so that u=[(2r—6)/p] =
[ri+(r,—6/p)]=r, and up=pr, =r. By the lemma we know that

I
dir 1,20 =8)~ploy = r ) ) = plo = 1) i 1 ),
1



114 JORIS, OESTREICHER, AND STEINIG

whence by (29),

—_ rl
dMﬂ+1Jr—m~Eé¥%T%%3En2”b“ VI dim =4 L)

Since d{n, — A; 1, r))~d(n— Ap; 1, 2r — 6) by Lemma 3(ii), the proof can be
concluded as in the previous case.

Prorosition 11 (Case 3(a)). If pl(n,r,d) and n=pn,, r=pr,, d=pd,,
then

Es(n, ry~Esn,r). (34)
Proof. By (20) we have d(n;r+1,2r—9)~d(ny;ry+ 1, 2r,—4,), and

din—ip;1,2r—8)~d(n,—2;1,2r,—9,) if 4 is an integer; one then
proceeds as in the proof of Proposition 9.

7. THE FORMULA FOR Ey(n, r)

Let E4(n, r) be defined by (29), with n>r+ 1 and é <r — 1. In this chap-
ter we obtain the representation of Es(n, r) as a product of primes.

THEOREM 3. We have

Es(n, r)= [1 Mm)mn, (35)
m— %zr}iy;f:- 1—-6

where {r},. denotes the least residue of r modulo m (0< {r},<m—1),

p  ifm=p-k=1),

A =
(m) 1 otherwise,

and
{rm

=Y enln—i) (36)
i=0

with ¢,,(n — i) defined as in Theorem 1.

We need a lemma, which provides another expression for the right side
of (35).
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LEMMA 4. Let Fy(n, r) be the product on the right side of (35), and let
nzr+1 and 6<r—1\. Then,

Fyn, r)= I1 A(m). (37)

Proof. Since 0< {r}, <m—1, at most one of the ¢,(n—1i) in (36) is
equal to 1. This occurs if and only if there exists an integer 4, 0 <i< {r},,,
such that m|n—i, ie., if and only if {n}, <{r},.

We are now in a position to prove Theorem 3.

Proof of Theorem 3. When 6 <0, we have Fs(n, r)=1 (empty product)
and Es(n,r)=1 (Theorem 2). Hence, to prove Theorem 3 it suffices to
verify that Fj(n, r) satisfies the same recurrence relations as E,(n, r). We
consider the same cases as in Propositions 7 through 11.

Case 1. We must show that
Fs(n,r)~F;_s(n,r—1) ifpfn—r. (38)
It follows from (37) that

Ny

Fyn, ry~p and Fs_o(n,r—1)~p™,

where

Ni=#{s21|p°<r,p’—{r}2r+1-46,and {n},<{r},} (39)
and
Ny=#{sz1|p<r—Lp —{r=1},2r+2-0,and {n},<{r—1},}.

In Case 1, the conditions for N, imply that p’fr: {n},# {r}, because
pin—r, whence {r},>1 by the last inequality in (39). The conditions for
N, have the same implication: p*— {r—1},>r+2-6>3, whereas
{[r=1},=p"—1if p|r.

Now when p*/r, we have p° <r if and only if p* <r — 1; p*fr is equivalent
to {r—1},={r},—1; and as already observed, {n}, # {r}, in Case 1. It
follows that N, = N,, and (38) holds as asserted.

Case 2. Here one proves that N, = N, if pfn, where N, is as in (39) and
Ny=#{s2lp’<r—Lp —{r—1},>r+2-9,
and {n—1},<{r—1},}.

The details are similar to those of Case 1.
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Case 3(a). Ifn=pn,, r=pr, and é =pd, we must show that N = N,,
with N, as in (39) and

Ny=#{sz21|p°<r,,p’—{r,}2r+1=06,, and {n,},<{r },}

But s=1 is not counted in N, when pi(#, §); for if it were we would have
p=p—{r},2r+1-6=p(r,—4,)+1>p, since r>4 and consequently
r,>¢,. Hence, in Case 3(a),

Ni=#{sz2ip’<r,p’—{r},2r+1-9, and {n}, < {r},}.
Now if k is a positive integer and p|k, say k= pk,, then
{k}p=p{ki}p-. (40)
Therefore,
Ni=#{s22|p" '<r,p* "= {r}p2z2r,+1-4,,

and {n,},-1<{r .} -1}

=N4.
Case 3(b). We now show that
Fs(n,r)~Fs,  ((n;, 1)) ifp|(n,r),pfd, and r>p+46

(here, n=pn,, r=pr,, and 6, = [§/p]). The proof consists in verifying that
N, = N, in this case, with N, as before and

N5={S>1|psgrl,ps—{rl}p:>rl—5l, and {nl}psg{rl}p.\-}.

Now s=1 is not counted in N, if p|r and r—8>p, since p=p— {r},>

r+1-—38>p+1is impossible. If we combine this remark with (40) and the

observation that [(6 —1)/p}=[6/p] when pJd, we see that
Ny=#{s22|p '<r,p = {r )20 =0,

and {n;} -1 < {r )1}
=Nj.

Case 3(c). Here we must prove that

plny—r)

F oI
ol 7) din,—r:1,r)

Frluz(nlarl_l)

ifpi(n,r), pfd, and d<r<p+4 41)
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(with n=pn, and r=pr,). By (5),

n . log s
1 P =] ==
(@ 1, ), min(n,,, p°) with a [logp]’

so that what we want to prove, subject to the conditions in (41), can be
written, using (37), as

N, = Ng+min(ord,(n, —r), b) + 1 withb:[!l%gé%} (42)

where N, is defined by (39) and
Ne=#{s21|p’<r—1,p°—{r,—1},22 and {n,},<{r,—1},}.

Now [(6—1)/p]=1[6/p]=r,—1, since pfé and r—p<d<r; in Case
3(c) the conditions for N, can accordingly be written, using (40) and then
replacing s— 1 by s, as

520, p°<r, pP—{r}, 21, and {n},<{r}, (43)
The conditions for N, are equivalent to
s2Lp'<ri—1L,p —{r},=z1and {n},<{r}—1, (44)

since on the one hand p* — {r, — 1} .>2 is equivalent to p*{r,, therefore to
{ry—1},={r,},,—1, while on the other hand the last condition in (44)
implies that p*fr,.

To prove (42) we calculate N, — N by counting the number of integers s
which satisfy (43) but not (44). There are 3 ways in which this can occur:
by taking, in (43),

(i) s=0,or
(i) p’=ry,or
(i) {n}=1{r}p
But (i) = (iii) since {n,}, = {r }, =0; and (ii) = (iii) since (43) with r,=p’
gives {n,},= {r,},»=0. The s which satisfy (iii) and the conditions in (43)
are the s such that

1<p'<r, and n,=r, (mod p’)

(the third condition in (43) is always satisfied); they are

1
min (ord,,(n1 —r)+1, [ 08 r1:|+ 1)
log p
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in number, as required in (42). This concludes the proof of Theorem 3.

8. COMPUTING E,(n, r)

We now apply the results of the preceding chapter to the calculation of
Eg{n, r) for given 6. We have 2 formulas for E,(n, r); (37) was used in the
proof of Theorem 3, and we now return to (35). In order to simplify our
calculations we bring (35) to the following form.

PropoSITION 12. Let Es(n, r) be as in (35). Then, in the notation of
Theorem 3,

[(1/2)r] [{1/2)(3 —1)]
Es(n, r}= [1 Ay TT M=%, (45)

m=r+1—-90 i=0
m—Jrimzr+1-—2

where

nr=i An—i). (46)

Proof. Write (35) as Es(n,r)=1,1,, taking 2<m<r/2 in II, and
r/2<m<rin 1, (with m— {r}, =r+1—0 in both). The first product in
(45) is equal to IT,, since 2<m<r/2 and mzr+1—=90+{r},2r+1-
022in I1,.

Now consider

,= I A(m)yero), (47)
(ri2y<m<r
m- {rim=r+1-29

As m<r<2miff {r},,=r—m, the conditions on m in (47) are equivalent
to 0<r—m<m and 0<2(r—m)<d—1. And the latter implies the for-
mer, since 6 — 1 <r — 2. Hence the product in (47) is taken over all m such
that 0 <r—m< [4(6—1)]. We transform it by taking j:=r—m as new
variable; in order to see that I7, is equal to the second product in (45) we
must verify that e, (n,r)=d(n,r), as defined by (46). For this, set
m=r—j in (36) and observe that {r}, ,=j, since r=(r—j)+j and
0<j<r—j (because j< (5 —1)<ir—1<ir). This completes the proof.

Remark. The first product in (45) is empty, if r+1—6> [3r]:
=1 if3r+1)]>0-1, (48)

in the notation used in the proof.
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The following examples are easily worked out using Proposition 12 and
(48); remember that r> 4 + 1 always.
Ford=1and r>2, and for =2 and r>3,

Es(n,ry=Ar)y""=p  ifr=p*and p*|n,

=1 otherwise.
When 6 =5,

E5(n, r) = D2e2(n) + ealn — 1)3e3tn) gestn(n — 1)) ifr=6,
= §ostnln — 1)n —2))7e7(n) ifr= 7,
= Dea(n) + eg(n)yerinln - 1) if r =8,
= A(r)er(n),{(r —1 )Er—l("(nf 1)
=l(r_2)nr—2("(’7*l')+£r—2(”*2) ifr>=9,
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